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P O L Y T O P E S  W I T H  P R E S C R I B E D  C O N T E N T S  
OF (n-  1)-FACETS 

BY 

G E O R G E  P U R D Y  

ABSTRACT 

If an n - d i m e n s i o n a l  p o l y t o p e  has  face ts  of a rea  A1,A2," ",A., t hen  2A~ < 

A ,  + - - - + A .  for i = 1, �9 - . ,  m. W e  show h e r e  tha t  converse ly  these  inequa l i t i e s  

a lso ensu re  the  ex i s t ence  of a p o l y t o p e  hav ing  these  areas .  

Introduction 

Let a polytope be given in E n whose faces have the ( n -  1)-dimensional 

volumes A 1,'" ", A.,. By projecting the polytope onto the plane of any face it is 

readily seen that 0 < At < E~,,jA, for all j. We may also write these inequalities as 

0 < 2A, < E?~I A ,  The purpose of this note is to prove 

THEOREM 1. I f  A 1, " " ", Am are positive numbers such that m >= n + 1 and 

2A~ < ~ Ai for all j, 
i=1 

then there exists an n-dimensional convex polytope whose m faces have (n - 1)- 

dimensional volumes A1," �9 Ar~. 

This problem arises naturally in many situations. (See, for example, [3] and 

some of the references cited there.) 

We will make use of the following theorem due to H. Minkowski (see (1) 

or [2]). 

THEOREM. If  X1,'" ", X~ are pairwise nonparallel vectors in E"  of rank n and 

~,7'=1 X, = 0 then there exists an n-dimensional convex polytope whose ith face has 
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Xi as an outward normal and has (n - 1)-dimensional volume equal to the length 

IX, lofX,. 

In view of Minkowski ' s  theorem,  T h e o r e m  1 would  follow f rom 

Tr~EOREM 2. I f  A1," " ",Am are positive numbers such that m >= n + 1 and 

2A i < E~=I A~ for all j, then there exists a collection Xl, " �9 ", Xm of vectors of rank n 

and distinct directions such that E7'=1 X, = 0 and I X~ I = A,  for all i. 

We begin by proving a lemma,  and then we prove  T h e o r e m  2. 

LEMMA. L e t n  >=2, and l e tA~ , . .  - , A , + ~ > 0  and 2A~ <E~+-_~Aiforallj. Then 

there exist vectors X~, X 2 , "  ", X,+~ in E ~ such that I X~ I = A, for all i, E'~-*_~ X~ = O, 

and X l , . . . ,  X,+~ has rank n. Consequently the X~ are pairwise nonparallel. 

PROOF. If n = 2 the result is t rue by e lementary  geomet ry .  Suppose  n > 2 
n + l  and use induct ion on n. We  suppose  that 0 < 2Aj < E~=~ A~ for  all j. Wi thou t  loss 

of general i ty  let A~ and A2 be the two smallest of the A~ and let A,+I  be the 

largest, and suppose  that A~ =< A : .  There  exists e > 0 such that 

n + l  

2 A , + I < ~ ' ~ A i - e  and A ~ > e .  
i = l  

N o w  the n numbers  A3, A 4 , ' " , A , + I ,  A I + A 2 - e  satisfy the induct ion 

hypothesis ,  since n + 1 => 4 and 
n + l  

A ~ + A 2 - e < A I + A 2 =  < ~  A ,  
i = 3  

~ n + l  A = = and 2 A ~ <  ~ = 3 , ~ , + A I + A z - e  for 3 < k  < m + l .  H e n c e  there  exists a rank 

n - l  set of  vectors  Z, X~ 3 = < i - < n + l ,  such that I Z l = A ~ + A 2 - e ,  I X ~ l = A , ,  

3 -< i -< n + 1, and Z+E?-_*~Xi = 0 .  

Let  a coord ina te  system be chosen for  E "  so that Z = 

(O,A~ + A2 - e ,0 , .  �9 -,0), and so that every Xi (3 -< i =< n + 1) has first coord ina te  

zero.  

Since O < A ~ < = A : < A ~ + A 2 - e < A ~ + A ~ ,  we may apply the l emma for  

n = 3  in the plane {(xl, x 2 , . . . , x , ) : x 3  . . . . .  x . = 0 }  to obtain  X~=  

(u ,v ,O, . . . ,O) ,  X 2 = ( - u , w , O , . . . , O )  and W = ( 0 , - A ~ - A 2 + e , 0 , . . - , 0 )  such 

that  {X~, X2, W} has rank two and X~ + X2 + W = 0. Since W = - Z we have 

Xl + X2 + X~ + �9 �9 �9 + X,+I = 0, and {X~,- �9 X,+~} is easily seen to have rank n, 

since {X3," ' ", X,+~} has rank n - 1 and u ~ 0. 

PROOf OF TrmOREM 2. If  m = n + 1 this is the lemma.  Let  m > n + 1 and use 

induct ion on m. We suppose  0 < 2A, < E?=~ A~ for all j. Let  e > 0 be  such that  
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2Am < E7'-1Ai - e and A1 > e. As in the proof of the lemma, we suppose without 

loss of generality that A~ and A2 are the two smallest of the A, and that Am is 

the largest and that A~=< A2. As in the proof of the lemma, the numbers 

A3, A,,  �9 �9 Am, A~ + A :  - e satisfy the induction hypothesis. Hence there exists 

a rank n set of vectors Z, X3,''',Xm having different directions such that 

IZI=A~+A2-e,  IX, t=A,, 3<-_i<-rn and Z+E'/'_3X, = 0 .  

Let r be any plane through the origin containing Z but not X3, �9 �9 -, Xm. Let a 

coordinate system be chosen so that r is given by x3 . . . . .  x, = 0  and 

Z = (A~+ A 2 -  e , 0 , . . . , 0 ) .  Now apply the lemma with n = 3 in the plane zr to 

A1, A2 and A1 + A 2 -  e to obtain X~ = (u, v, 0 , . . . ,  0), X2 = (w, - v, 0 , . . . ,  0) and 

W = ( -  A ~ -  A2 + e, 0 , . . - ,  0) such that {X~, X2, W} has rank two and X~ + X2 + 

W = 0. Since W = - Z ,  we have E?.~X~ = 0, and {X~,...,Xm} has rank n, since 

every linear combination of Z, X3,"',Xm is also a linear combination of 

X~,- �9 Xm, and the directions of X1,- �9 Xm are also distinct. This completes the 

proof of Theorem 2. 

REMARK. Since the inequalities 2Aj < E7'~1 Ai must also hold for the (n - 1)- 

dimensional volumes of a non-convex polytope in E n we deduce that to every 

non-convex polytope corresponds a convex polytope whose faces have the same 

(n - 1)-dimensional volumes. 
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